For an integer m > 2, we denote by C(m) and H(m) the ideal class group and the class-number of the field
Proof. First, we prove this Theorem in the case of q = 2. Let k = Q(\/~πO ^e a rea^ quadratic field, where n is a square-free integer. Let m be the discriminant of k. Hence m is the conductor of k. Now assume that p 1? p 2 > >Pt are all the prime divisors of m. Let k* be the genus field of k, that is, k* = Q(VP*^ VP 2 * > *' > V P* )> where if p is an odd prime, then p* = (-l) ( 2 , the Galois group of Kk/K has a subgroup which is isomorphic to C(kf. Hence the ideal class group C(m) has a subgroup which is isomorphic to C(k) 2 .
Next, we prove this Theorem in the case of an odd prime q. Let k[Q be a cyclic extension of degree q. Let k be the Hubert class field of k and k* be the genus field of k. Further let H be a subgroup of the ideal class group C(k) of k and H be isomorphic to the Galois group of k\k*. From [1, Theorem 5], we have that the Galois group of k*jk is isomorphic to (Z/qZY' 1 , where t is the number of distinct prime factors of the conductor m of k. It is now easy to see that C(k) q is a subgruop of H. On the other hand, k* is contained in the real cyclotomic field
Since k* is contained in k and k* is the genus field of k, we have K Π k = A*. In the same way as in the proof of this Theorem for the case q = 2, we can show that the ideal class group C(m) has a subgroup which is isomorphic to C(k) Q .
Remark. Let n be a natural number. Let ft(&) be the class-number of k. If n I Λ(£) and g | τι, then we have n \ H(m). LEMMA PROPOSITION 
For any given natural number n, there exist infinitely many positive square-free integers m such that the ideal class group C(m) has a subgroup which is isomorphic to (ZlnZ)
2 .
Proof. By Corollary of Lemma 2, there exist infinitely many cubic cyclic fields k such that C(Kf has a subgroup which is isomorphic to (ZlnZ) 2 for any given natural number n. Let m be the conductors of the cubic cyclic fields k. Hence m are square-free integers. Then by Main Theorem, there exist infinitely many positive square-free integers m such that the ideal class group C(m) has a subgroup which is isomorphic to (ZlnZ) 2 for any given natural number n. This completes the proof. LEMMA Let £ be a prime. Let q, q x and q 2 be primes which satisfy the following conditions (1) 2 or 3 is not an .0-th power residue mod q for £ = 2, (2) 2 is not an ^-th power residue mod q t (i = 1, 2) and 3 is an ^-th power residue mod q x but is not an ^-th power residue mod q 2 for an odd prime £. 
Let q be a prime and L/K be a cyclic extension of degree q. Let C(L) and C(K) be the ideal class groups of L and K, respectively. Let h(K) be the order of C(K) and p be a prime such that p \ qh(K). Further let f be the order of p mod q. If C(L) has a subgroup which is isomorphic to Z/p r Z, then C(L) has a subgroup which is isomorphic to (Z/p

